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Abstract

Using simplifying assumptions that are related to the time reversal symmetry,
a 1-dimensional family of 8-stage pseudo-symplectic Runge—Kutta methods of
order (4, 8) is derived. An example of 7-stage method of order (4, 9) is given.
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For the system dx/d¢ = f (¢, x), in order to propagate by the step size & and update
the position, x(t) — %(t + h), where %(t + h) is a numerical approximation to the
exact solution x(¢ + &), an s-stage Runge—-Kutta method (which is determined by
the coefficients a;;, weights b;, and nodes ¢;) would form the following system of
equations for X, X, ..., X;:

Xi=x(t)+hY ayF;,  Fi=f(t+chX), i=12.s
Jj=1

j=
solve it, and then compute ¥(f +h) = x(t) + hY}_; b;F;. It is natural and will be
assumed that Y73, a;; = ¢; for all i.

Unless a Hamiltonian is of a special type, e.g., is separable: H(p,x) = T(p) +
U(x), where x and p are canonical coordinates, symplectic methods are implicit.
In (Aubry & Chartier, |1998) the concept of so-called pseudo-symplectic methods
was introduced. A method is said to be of pseudo-symplectic order (p, ) if it is of
order p, and the symplectic structure is conserved up to the order g. It was shown
that methods with ¢ > 2p have better Hamiltonian conservation properties (Aubry
& Chartier) 1998, thm. 2.6), and an explicit 5-stage pseudo-symplectic Runge—Kutta
method of order (3, 6) was constructed (Aubry & Chartier, |1998| fig. 4.1).

There is no 6-stage explicit method of order (4, 8) (Aubry & Chartier, 1998,
prop. 4.2), but there are known 6-stage methods of order (4, 7): (Calvo et al.l 2010|
p. 262) and (Capuano et al.,[2017, p. 90).



Higher-order derivatives are connected with rooted trees (Cayley, |1857):

XXVIIL. On the Theory of the Analytical Forms called Trees.
By A. Cavrey, Esq*
SYMBOL such as AD,+B0,+.., where A, B, &c. con-

tain the variables 2, y, &c. in respect to which the
differentiations are to be performed, partakes of the natures of

[ ] [ o
Analytical Forms called Trees. 173
this to the question in hand, PU consists of a single term repre-
Fig. 1. Fig. 2. Fig. 3.
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Similarly to (Penrose, |1971) graphical notation, an object that is a tensor of type
(m, n) will be depicted by a symbol of the object connected by lines to m and n black
dots below and above it, respectively:

@ vector 1

®(e) =1and ([t tp...1,]) = [T} AD(t,)

®(t) or an arbitrary vector

] H matrix A and identity matrix I

%‘ weights row vector b

V element-wise product of vectors

Lines coming both from below and from above to a dot produce a tensor contraction,
i.e., the summation over the values of the corresponding tensor index. Outer products
are obtained by simply drawing objects next to each other (Penrose}, [1971] p. 224).

The drawings of a leaf, a root, of trees Betula pendula and Larix sibirica are by Olga Stepanova, used with permission.



A Runge-Kutta method of order 4 should satisfy the order conditions b®(t) = 1/t!
for all rooted trees t with |t| < 4:

_ 1 p2_ 1 1 p3_ 1 1 21 2.1
orbl =1,bc = 3,bc’> = 3, bAc = g, bc’ = Z,b(c.(Ac)).— §bAC’ = 35, bA’c = 5.
Here |t| is the order of tree t, i.e., the number of vertices in t. The factorial t! is

recursively defined as o! =1 and if t = [t; t; ... t,], then t! = [t| TT}_; (tm)!.
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For the system dx/dt = f(z, x) its integral form

t+h

x(t 4+ ) = x(1) + / dr' £ (¢, x()) = x(t) + h / d0 £ (1 + Ok, x(1 + Oh))
t 0

can be interpreted as the application of an idealized Runge—Kutta method with stages
being indexed by an interval [0, 1] (Plato’s Form of a Runge—Kutta method).

In the upper half of the following table:

PR~ TR N

function 1(8) = 1

operator u(0) — foe de’ u(®)

functional u(8) > [, d u(6)
point-wise product u(6)v(8)

o

n_ _1 _.n+l
Ac n+lc

(1)
bd(t)

0
0

|e|@li=1/¢!
1/t!

the process/result of the substitution of entries in the left column with what is on the
right will be called a transfiguration.



For the system dx/dt = f(z, x) its integral form

t+h

x(t 4+ ) = x() + / dr' £ (¢, x()) = x(t) + h / d0 £ (1 + Ok, x(1 + Oh))
t 0

can be interpreted as the application of an idealized Runge—Kutta method with stages
being indexed by an interval [0, 1] (Plato’s Form of a Runge—Kutta method).

In the upper half of the following table:

1 | function 1(0) =1

A | operator u(0) — foe de’ u(®)

b | functional u(8) — [; d6 u(6)
u.v | point-wise product u(6)v(8)

The transfiguration of, e.g., the statement bAc* = 1—12 is

1 0 o o 1 0 1 93 |
/de/de’</de”> (/d@”’) :/de/de’eﬂz/de?:E
0 0 0 0 0 0 0

b A ((Al) . A1) )= b A ¢



Let D(®(t;), @(t2)) denote the following property (see (Aubry & Chartier, 1998,
eq. (2.5))):

b(‘p(tl)(Aq)(tz))) +b((A¢(t1))¢(t2)) = (bCD('[lD (bCD('[z))

whose transfiguration or continuous analog D(u, v) would be

1 0 1 0 1 1
0/de u(e)o/de’v(e’) n O/de <O/d9’ u(e’)> v(8) = <O/d6 u(e)> <O/d6 v(6)>

0

+ =




Let D(®(t;), @(t2)) denote the following property (see (Aubry & Chartier, 1998,
eq. (2.5))):

b(‘p(tl) (AQ(tz))) +b((Aq>(t1))¢(t2)) = (b‘p(tl)> (bQ(tz))

Consider the following bilinear form M:

WS Y Y b

whose matrix M = [m;;], with m;; = b;a;; + b;aj; — b;b;, is symmetric. The property
D(u,v) can be written as M (u,v) = u"Mv = 0.

An order p Runge—Kutta method is said to be pseudo-symplectic of order (p, g)
if D(®(t;),®(t)) for all trees t; and t, such that [t;| + |tz| < g (Aubry & Chartier,
1998, cor. 2.2 and eq. (2.7)).



The property (D(®,u) for all u € R¥) will be shortened as D(®) (see (Aubry,
& Chartier, 1998, def. 3.1)). It is equivalent to the linear form u — M (<I>, u) being a
zero function, or M® = 0. Assuming that b1 = 1 and bc = %, here are the diagrams
for D(1) and D(c):

b(c.(Au)) +b((Ac).u) = Lbu




Let a function u(0) be called [0, 1]-even or [0, 1]-odd, if u(1 —8) = u(8) or u(1 —
0) = —u(®), respectively. The following parity properties are true:

if u(0) is [0,1]-0dd, then U(0) = foe de’u(®') is [0, 1]-even

1
if u(8) is [0,1]-even and [, dOu(8) =0, then U(8) = foe de®’ u(#’) is [0, 1]-odd M

A pseudo-symplectic Runge—Kutta method of order (4, 8) will be searched for
within 8-stage explicit methods with ¢4 = ¢5 = %, ce=1—c3,c7=1—cp,c5=1,
be = b3, b; = by, and bg = b;. Vectors x and y of 8 components are going to be called
“even” and “odd” if x6 = x3, X7 = x2, X = X1, and y; +ys = y2+y7 =y3 +Yy6 = y4 =
ys = 0, respectively. Let p; = 2¢ — 1, p, = 6¢> — 6¢+1, and p; = 20¢® — 30¢% +
12¢ — 1 be the analogs of shifted Legendre polynonials, orthogonal on [0,1]. The
vectors 1, ', and p, are “even”; while p; and p; are “odd”. With such a definition
of “even” and “odd” vectors, the eq. (1) could be viewed as the transfiguration of the
statements

if u is “odd”, then Au is “even”

if u is “even” and bu = 0, then Au is “odd”
To imitate these parity properties, it will be demanded that Ap, is “even” (this implies
that the vector ¢, = Ac — 3¢* = 1Ap, + 1¢(1 —c¢) is “even” t0o), and that Ap, and
Agq, are “odd”. Also the properties D(1) and D(c) will be assumed.



Let a function u(0) be called [0, 1]-even or [0, 1]-odd, if u(1 —8) = u(8) or u(1 —

0) = —u(®), respectively. The following parity properties are true:
if u(0) is [0,1]-0dd, then U(0) = foe de’u(®') is [0, 1]-even
if u(8) is [0,1]-even and [, dOu(8) =0, then U(8) = foe de®’ u(#’) is [0, 1]-odd
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Let a function u(0) be called [0, 1]-even or [0, 1]-odd, if u(1 —8) = u(8) or u(1 —
0) = —u(®), respectively. The following parity properties are true:

if u(0) is [0,1]-0dd, then U(0) = foe de’u(®') is [0, 1]-even

1
if u(8) is [0,1]-even and [, dOu(8) =0, then U(8) = foe de®’ u(#’) is [0, 1]-odd M
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At the point (c3, ¢3) = C = (2y, 4Y), where y= (2423 +2713) /12 =1/4(2 -
21/3) = 0.33780... the method becomes equivalent to

0

2y | 2y

4| O 4y

1l2y o 1-2 )
1—-4y] O 4y 0 1—-8y )
1-2y| 2y 0 1-2y 0 -2y

1 0 4y 0 1—8y 0 4y

Y 2y 3-v 3% v 2y v

This 7-stage pseudo-symplectic Runge—Kutta method of order (4,9) is strongly
connected to a well-known explicit symplectic method for separated Hamiltonians
(Forest & Ruth, 1990, egs. (4.9) and (4.12)), (Yoshida, [1990| eq. (2.11)).



1-dimensional family of 8-stage pseudo-symplectic Runge—Kutta methods
of order (4, 8) indexed by a parameter \:

0
c c
c3 0 c3
% %—02 cotez—1 1—c3
I as as as;  ass
l—c3 0 3 0 a4 dss
1—c, o 0 %—26‘2 azs  ars %—ZCZ
1 0 c3 0 Ags Qg5 0 c3
%cz %6‘3 %—cz by bs %—cz %C3 %cz
[a4*]_ ¢c2 (1=9)es @(3-2¢2) 92 +(1=9)(3-cz) 0 0 0 0
as ] |yer (1-)es y(i—20) yor+(1-y)(3—c;) 0 0 0 0
aes ags 2(3-a)(1=x)  2(3-e3)x 4(1=3c2)
ap ars | = 2e2(1+%) —2c9), ; sz
bs  bs 5 (ags +a) 5 (ags +azs)

62(6‘2—%)(6‘2— 1) = i,q :Cg(l —Cz)/(%—CQ) = 1/6(1 —26‘2)2,([): 1/2C2—1



Maximizing bs but keeping by > 0 leads to by = 0, Yy = 2¢3:

_ 1 1 n(2n
0 Cz—z—ﬁsm(?)
—1_ 1 Gp(®
2 (%) 0372—\/§sm(9)
C3 0 C3
1|1
5|3 C cr+ce3—1 1—c3
% 2C26‘3 (1 — 2C3)C3 (1 — 4C2>C3 4026‘3 (3)
1
1—C3 0 (6] 0 4C2—2 Z—Z
- | o 0 1-2c0 2—4c; 6c-2 1-2c,
1| o0 c3 0 4e-2 -2 0 c3
1 1 1 1 1 1 1
5C2 5C3 i) 0 ste—c3 -2 303 502
2 _ 1 7 1 _ 1 1 1 2_ 1,1 4
O="nts2 60 006="13t502t30.0G6="3+502+30

degs = Ags — 1/26‘2—2:([)—123—462—26'3



s p g 10°xTy 103 x Ts 10° x Ty R(z)R(—z) — 1
RK4 | 4 4 4 0 14.504... 16.035... 0.01388888... 70
AC36 | 5 3 6 7.5690.. 2.3451... 3.9611...  —0.00057870... 8
CLMR47 | 6 4 7 0 0.29185... 0.39787... 0.00024760.... 28
CCRL47 | 6 4 7 0 1.4813... 1.6278...  —0.00030365... 8
eq. u 7 4 9 0 112.99... 132.54... —0.00144678... 71
eq.(3) | 8 4 8 0 0.64048... 0.91796... 0.00000950... z'°
cvg | 11 8 8 0 0 0 0.00000627... '°
GL4 | 2 4 o 0 4.3306... 5.6178... 0
C(2) D) D(e) D(cz) D(Ac) max;;|a;j| min; b;
RK4 F T F F F 1 0.1666...
AC36 F T T F F 2.1621... —0.3054...
CLMRA47 F T T T T 4.4309... 0.0277...
CCRLA47 F T T T T 2.9265... —0.4488...
eq. (2 | * T T T T 1.7024... —0.8512...
eq. (3) F T T T T 1.8793... 0.0644...
cve | T T F F F 14.728... 0.05
GL4 | T T T T T 0.5386... 0.5

Table 1 A comparison of eight s-stage Runge—Kutta methods of order (p, ¢). Error coefficients are
defined as T2 = ¥ | (BR(1) — 1/t!)2/6%(t) = (1/p)2 L |/ 02 (1) (! bD(t) — 1)?, where o(t) is the
order of the symmetry group of the tree t, and a(t) is the number of monotonic labelings of t.

The R(z)R(—z) — 1 column shows the first non-zero term in its Taylor expansion about z = 0.

The min; b; column shows the minimal value of a non-zero weight.



Xb

0.5

Xb

0.5

1 1
1 1
S
< < ]
W N
05
05 0.5
1 eq. )
RK4 0 GL4 0 AC36 05 . 1
05 ¢ 1 0 05 ¢ 1 0 05 ¢ 1 !
1 1 — 1
I i i
< Y <~ |
I N N Cv8 W
l 0.5 05 05
[N
-
— [
[ g [
4 CLMR47 oI 1O 0 P i eq. (3)
05 ¢ 1 0 05 ¢ | 0 05 o 1 0 05 o 1

Quadrature scheme graphical depiction for the eight methods listed in Table [I} Here X;b =

}:1 bj, where 1 <i <, are the cumulative weights, with £ob = 0. Due to the order condition
b1 =1 for an s-stage method one has X;b = 1. On the diagram the points (c,-, Yiq b) and
(c,-, )Z,-b), where 1 <i <, are connected by a thick line (with white filling if £;b < X;_ b).
To easier follow the progression of the stages, the points (c,-, Eib) and (cH_l,Zib), where
1 <i < s, are connected by dotted lines.



Euler’s equations describing free rotation of a rigid body with principal moments of inertia
I =1, =2,and s =3 are dw; /dr = —®,03, do, /df = ®;®3, and dwz/dr = —%(01(02.
Depicted is the solution (@;, >, ®3)(r) = (12cn, 12sn, 7dn) (71, %)’ where cn, sn, and dn
are the Jacobi elliptic functions. The circular and elliptic cylinders correspond to the quadratic
invariants Q1 (@) = ©? + ®3 = 144 and Q> (®) = ®3 + 303 = 147, respectively.
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dx/dt = d%H/dp
dp/dt = —0H /ox

H(p,x) = 30" — (1 - gp) cos(x)

The solution with initial condition
(x,p)|,., = (arccos(—0.8),0)
forms a periodic trajectory
along the closed level curve
H(p, x) = 0.8 around the origin.
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Conclusions

e There are known 5- and 6-stage pseudo-symplectic Runge—Kutta methods of
order (3, 6) and (4, 7), respectively.

e With 7 stages it is possible to come up with a method of order (4, 9).

e Utilising 8 stages, one can construct robust, with non-negative weights and
monotonically increasing nodes, methods of order (4, 8).

e The newly derived methods, largely due to their higher order, have better
quadratic invariants and energy preservation properties than previously known
pseudo-symplectic methods.
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