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Power broadening of a diffusion resonance
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We derive an expression in terms of cylinder functions for the shape of a nonlinear resonance in
a two-level system with a rapidly decaying level. We show that when the natural linewidth
is negligible, the square of the total width is the sum of squares of the power and diffusion widths.
The traditional variational approximation yields a correct value for the full width at half
maximum, but distorts the line profile. We derive a formula for the absorbed power as a function
of the incident wave intensity for comparable power and diffusion broadening. The formula
is found to be valid for a power width that is small or large compared to the diffusion width, and
in a new intermediate domain where homogeneous saturation becomes inhomogeneous.
© 1998 American Institute of Physics.@S1063-7761~98!00605-2#
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1. INTRODUCTION

The subject of this paper is resonant absorption~or am-
plification! of a strong electromagnetic wave by ions of
plasma. Knowledge of the laws of amplification is necess
in calculating ion lasers and in optimizing the characteris
of such lasers~for example, to increase the output power
tuning range of a Raman laser!. Measuring the absorption~or
amplification! spectrum of waves propagating through
plasma is one of the most important plasma diagnostic te
niques.

From a theoretical standpoint, the simplest and most
portant case~from a practical standpoint! is that of resonant
interaction of an electromagnetic wave and a plasma w
the wave frequencyv is close to the Bohr frequencyv21

5(E22E1)/\ of the transition between intrinsic statesu1&
and u2& of an ion. Because of the Doppler effect, the wa
interacts most effectively with ions that satisfy the resona
conditionk•v5v2v21, wherek is the wave vector andv is
the ion velocity. The power absorbed from a weak elect
magnetic field in the linear approximation~when changes in
the ion state initiated by the wave are ignored! is propor-
tional to the number of particles that interact with the wa
As the frequency varies, the wave resonantly interacts w
ions that have a different velocity. The width of the abso
tion spectrum is determined by the characteristic sprea
the velocitiesvT of the ions, i.e., by the width of the Max
wellian velocity distribution, and is equal tokvT . By mea-
suring the linear absorption spectrum we can find the
temperature.

Much more information about the plasma paramet
and the relaxation processes inside an individual ion can
gathered if one employs the methods of nonlinear spect
copy. An electromagnetic wave interacting with the plas
tends to equalize the populations of the intrinsic states of
ions. Because of the resonant nature of this interaction,
velocity distribution of the populations acquires narrow no
equilibrium structures known as Bennett dips or peaks.1 The
8881063-7761/98/86(5)/9/$15.00
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shape of Bennett dips can be found by the probe field te
nique by measuring the absorption of another electrom
netic wave as a function of frequency. The absorption sp
trum of the probe wave that resonantly interacts with
same transition has a nonlinear resonance, a dip in the v
ity of the frequency at which the probe wave resonantly
teracts with those ions whose populations have been part
equalized by the first wave. A similar dip emerges in t
absorption spectrum of a standing wave consisting of t
counterpropagating traveling waves.

The velocity of an ion in a plasma changes with tim
since the ion is in the field of the other charged partic
comprising the plasma. In contrast to gases, where collis
with other atoms are infrequent but in each such collision
atom dramatically changes velocity, an ion is constantly i
rapidly varying field, which leads to diffusion variations i
its velocity.2 The description of collisions as diffusion i
velocity space is also possible for heavy neutral particles
buffer gas of light particles.

The first theoretical study of the diffusion shape of t
Bennett dip in a weak field as applied to ions in a plasma w
Ref. 3. It was shown that because of diffusion in veloc
with a coefficientD, the dip in level j acquires a width
AD/G j equal to the characteristic variation of the ion velo
ity during the lifetimeG j

21 in level j . If the diffusion width
exceeds the natural width, the dip in the distribution over
projection of velocity on the wave vector has a characteri
cusp at the center described by the exponential func
exp(2uxu), wherex is the dimensionless deviation of the v
locity projection from the center of the dip. Quenching
levels by electrons and other processes described by
relaxation-constant model may add to the natural width
the dip.

In the limit of a weak electromagnetic field, the depth
Bennett dips is proportional to the wave’s intensity. But t
increase in the depth with wave intensity slows down as
level populations become equalized. In a strong field,
populations at the center of the resonance are essen
© 1998 American Institute of Physics
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equal, and the range of velocities in which the populat
difference decreases substantially broadens as the field in
sity increases.4 The problem of adding diffusion broadenin
to power broadening was studied in Ref. 5 by a variatio
method, and the Lorentzian contour was taken as the
function for the dip profile. When the diffusion and pow
widths are comparable, the shape of the dip is some so
average between a Lorentzian and an exponential. In Re
the shape of the dip was found in the limit of a small natu
width. In the present paper we discuss this problem in gre
detail.

The saturation curve, i.e., the dependence of the po
absorbed from the field on the intensity of the incident wa
also makes it possible to measure a number of plasma
rameters and relaxation constants of the transition. A kno
edge of the analogous dependence of the gain is require
calculate the output power of a laser. Diffusion leads to
situation in which some of the ions depart from resonance
their velocities change, while other ions that have not
absorbed~or emitted! a photon begin to participate in th
resonance process. Because of this, the power absorbed
the field ~or imparted to it! increases. This dependence
relatively weak fields, where the power width of the Benn
dip is much less than the diffusion width, was derived in R
7 and experimentally corroborated by Apolonskyet al.8 It
was shown that in the presence of diffusion the absorp
saturation becomes homogeneous and sets in at lower
intensities than in the absence of diffusion. The intensity
which saturations sets in proved to be proportional to
square root of the diffusion coefficientD. The case in which
the diffusion and power widths of Bennett dips are com
rable remained unexplored.

In Sec. 2 we give the initial equations for the ion dens
matrix, a classification of the processes of interaction of
ion and the field of electromagnetic waves, and the cha
teristic values of the main parameters. In Sec. 3 we derive
expression for the shape of the Bennett dip when ther
both power broadening and diffusion broadening. In Sec
we calculate the saturation curve, i.e., the power absor
from a strong field. For this curve we give simple interpo
tion formulas, which make it possible to forego the assum
tion that the radiative width must be small. Section 5 co
tains a qualitative discussion of the results.

2. BASIC EQUATIONS

We normalize the Maxwellian velocity distribution o
the ions to unity:

W~v!5
1

~ApvT!3
expS 2

v2

vT
2D ,

vT5A2T

m
, E dvW~v!51,

whereT is the temperature of the ions in the plasma, andm
is the ion mass. We take two excited ion statesu1& and u2&
with energiesE1 andE2 (E1,E2) and examine the resonan
interaction of the given two-level system with a travelin
electromagnetic wave
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E~ t,r !5 1
2~E0e2 i ~vt2k–r !1c.c.!

that is offset from resonance byV5v2v21!v, where
v215(E22E1)/\. Assuming a dipole ion–wave interaction
in the resonance approximation we have the following qu
tum transport equations for the density matrix in the Wign
representation:9

S ]

]t
1v•¹1G1D r15nV̂ r122Re~ iG* ei ~Vt2k•r !r21!

1q1W~v!1A21r2 , ~1!

S ]

]t
1v•¹1G2D r25nV̂ r212Re~ iG* ei ~Vt2k•r !r21!

1q2W~v!,

S ]

]t
1v•¹1G12D r215nV̂ r211 iGe2 i ~Vt2k•r !~r22r1!,

where

V̂ 5
]

]va
Fab~v!S vT

2

2

]

]vb
1vbD ;

r j5^ j ur̂u j & andr215^2ur̂u1& are the matrix elements of th
density matrix;G1, G2, andG12 are relaxation constants o
the statesu1& and u2& and of the ‘‘coherence’’r21 of these
states;G5E0^2ud̂u1&/2\, with d̂ the dipole moment opera
tor; qjW(v) is the excitation function ofu j &; A21 is the Ein-
stein coefficient; the diffusion operatorV̂ describes diffusion
in velocity space;Fab(v) is the diffusion tensor; andn is the
transport collision rate, or the reciprocal of the time it take
particle to change velocity~due to diffusion! by a quantity of
ordervT .

Effects related to the dependence ofFab on v were dis-
cussed in Ref. 10. There it was shown that forn!G j , i.e.,
when the diffusion width of Bennett dips alongk is much
less thanvT , we can adopt a constant and isotropic diffusi
coefficient Fab(v)5dab , introduced into nonlinear spec
troscopy by Rautian.11 If we align the z axis with k, then
only the diffusion tensor componentFzz(v) averaged over
the transverse velocity and taken at the longitudinal veloc
corresponding to the center of the dip affects the shape of
Bennett dip. The adopted approximation makes it possibl
integrate the system of equations~1! with respect to veloci-
ties transverse tok. For the sake of brevity, we denote th
longitudinal velocity projectionv i5k•v/k by v.

Bearing in mind the various applications to nonline
spectroscopy, we are interested in the steady-state solutio
the system of equations~1!:

r j5r j , r215r 21e
2 i ~Vt2k•r !,

G1r 15nV̂ 1r 122 Re~ iG* r 21!1q1W1~v !1A21r 2 ,

G2r 25nV̂ 1r 212 Re~ iG* r 21!1q2W1~v !, ~2!

@G122 i ~V2kv !#r 215nV̂ 1r 211 iG~r 22r 1!,
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W1~v !5
1

ApvT

expS 2
v2

vT
2D , V̂ 15

d

dv S vT
2

2

d

dv
1v D .

The power absorbed from the wave per unit volume is
product of the concentration of ions absorbing a photon
unit time and the energy of the photon:

P~V!52\vE dv Re~ iG* r 21!. ~3!

We now present numerical values of the characteri
parameters, which can be divided into plasma parame
and the parameters of a singe ion. The ion temperaturTi

characteristic of discharge is roughly 1 eV, and the conc
tration of ions in the plasma of an argon laser,Ni , is roughly
1014 cm23. The wavelength of the radiation that is in res
nance with the laser transitions of a singly charged ion,l, is
approximately 531025 cm. The relaxation constantsG j and
G i j are determined by the rates of relaxation processes
quenching processes in the plasma. Depending on the le
selected, these constants can vary from 107 to 109 s21. For
Ar II we have vT.23105 cm/s, kvT.2.531010 s21, and
the transport collision rate

n5
16Ape4Ni

3m2vT
3

L.107 s21,

wheree is the electron charge andL is the Coulomb loga-
rithm. The parameters of the gas-discharge plasma have
thoroughly discussed in Ref. 9. The above values of the
rameters were used in the numerical calculations. Note
all of the relaxation constants (G j andG i j ) and the transpor
collision raten are small compared to the Doppler linewid
kvT .

3. BENNETT DIP IN COMBINED POWER AND DIFFUSION
BROADENING

In the absence of diffusion, the shape of the Bennett
Dr j is Lorentzian, and the width of the dip is the sum of t
homogeneous widthG12 and the power widthwF ~Ref. 4!:

Dr j}@G12
2 1wF

21~V2kv !2#21,

wF5A2G12uGu2

k2 S 1

G1
1

1

G2
2

A21

G1G2
D .

If r j (v) has widthw, then in order to estimate the orde
of magnitude of the individual terms in the equation forr j

we must replace the derivatived/dv by w21. The collisional
term consists of two terms, (nvT

2/2)d2r j /dv2 and
n(d(vr j )/dv). The first describes velocity diffusion, whil
the second describes dynamic friction on an ion moving w
respect to the entire plasma. The diffusion widthwjD of the
Bennett dip at levelj comes into play because of the equal
of G j r j and the diffusion term, (nvT

2/2)d2r j /dv2

;(nvT
2/2wjD

2 )r j , with the result thatwjD5vTAn/2G j . For
moderate concentrations of charge carriers in the plasmn
!G j andwjD!vT , and we can neglect terms correspondi
to dynamic friction. Due to friction, the variation of the io
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velocity during the lifetimeG j
21 is small in comparison to

the diffusion variation of the velocity,wjD , and is of order
vTn/G j .

Below we examine the shape of the Bennett dip in t
limits:

1. The upper level is long-lived, and the lower lev
rapidly decaying (G2!G1). This situation leads, for equa
rates of excitation of levels, to steady-state population inv
sion, and is typical of laser transitions of cw ion lasers.9

2. The lower level is long-lived, orG1!G2. A meta-
stable lower state is used in the absorbing transition of
man lasers.8

In both cases we assume that the diffusion width of the B
nett dip in the short-lived level is much less than the hom
geneous or power width. Neglecting diffusion operators
the population equations of this level and for the cohere
r 21 in the system of equations~2!, we obtain an ordinary
second-order differential equation for the populationr 2 of
the long-lived level in case 1:

F11JS 12
A21

G1
D G r 25w2D

2 d2r 2

dv2
1r 2

~0!

1JS r 1
~0!2

A21

G1
r 2

~1!D , ~4!

where

J5
2G12uGu2

G2@G12
2 12G12uGu2/G11~V2kv !2#

,

andr j
(0) is the population of levelj in the absence of a field

The shape of the Bennett dip is described by the functioy
5(r 22r 2

(0))/(r 1
(0)2r 2

(0)), which obeys the equation

S 11
A2

W21x2D y5
d2y

dx2
1

A2

W21x2
, ~5!

where

x5
V2kv
kw2D

, A5
wF

w2D
, W5

~G12
2 12G12uGu2/G1!1/2

kw2D
.

Note that althoughuGu2 is present in the expression forW,
the latter is not simply the ratioA of the power width to the
diffusion width. For instance, in a strong field,W
.(G2 /G1)1/2A!A. The exact solutions of the homogeneo
equation can be expressed in terms of spheroidal function12

These functions, however, have been rather poorly stud
and no integral representations are known for them.

In case 2, reasoning along similar lines, we have

F11JS 12
A21

G2
D G r 15w1D

2 d2r 1

dv2
1r 1

~0!1JS 12
A21

G2
D r 2

~0! ,

~6!

where the expression forJ can be obtained from its counte
part in case 1 via the interchange 1↔2. If we interchange the
indices in the expressions forx, y, A, andW, we again arrive
at Eq.~5!.
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FIG. 1. The Bennett dipy(x): ~a! the solution
~10!, and ~b! the results of numerical calcula
tions. G,51023kvT and G.5431022kvT ,
where G, (G.) is the smaller~larger! of the
two quantitiesG1 and G2. G125(G11G2)/2, n
51025kvT , and V50. The curvesn50,1,2,3
correspond to the different values ofuGu
510n/322kvT .
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Equation~5! has a simple physical meaning: there is
reservoir of particles and a set of states that differ in
value of the parameterx. In these states, a particle expe
ences diffusion inx and decay~the unity on the left-hand
side of the equation!. The external field resonantly interac
with particles, initiating transitions between the statesx and
the reservoir; the resonance width isW. There is a nonvan-
ishing probability of arrival or departure of a particle in sta
x, and this probability isA2/(W21x2).

We now analyze Eq.~5!. If either A or W is large (W
@1 or A@1), the width of the Bennett dip exceeds the d
fusion width, and we can ignore the derivatived2y/dx2 in
the equation, so that the Bennett dip becomes Lorentzia

y5
A2

W21A21x2
. ~7!

In weak fields,A!W;1, the dip is a convolution of Lorent
zian and exponential contours:

y5
1

2
e2uxu *

A2

W21x2
[

A2

2 E dx8
e2ux2x8u

W21x82
. ~8!

We now examine the case in which the diffusion wid
of the Bennett dip in the long-lived level exceeds the hom
geneous width,W!1. Replacing 1/(W21x2) by pd(x)/W,
we obtain

y5
d2y

dx2
1

pA2

W
d~x!@12y~0!#,

whose solution is

y~x!5
A2

2W/p1A2
e2uxu. ~9!

This solution is valid for weak fields,A!1. As the field
intensity grows, the depth of the dip,y(0), approaches unity
and the accuracy of the approximation based on this su
tution decreases. In very strong fields,A;1, the shape of the
Bennett dip differs from the exponential shapee2uxu.

Let us construct a solution of Eq.~5! for large values of
x (x@W). We will then attempt to correlate the solution
behavior with the condition of solvability for small values
x;W. Whenx@W, we can ignoreW2 in the denominators
of ~5!. Then the solutiony(x) can be expressed in terms
cylinder functions:

y~x!5A2Ai uxu @CKa~ uxu!2S23/2,a~ i uxu!#, ~10!
e

-

ti-

where a5AA211/4 , Ka(z) and Sm,a(z) are the modified
Bessel function of the second kind and Lommel function13

and C is a constant that can be found by examining t
behavior of the solution~10! at smallx.

When x;W, we can ignore the unity on the left-han
side of Eq.~5!, A@W. The resulting inhomogeneous equ
tion has the trivial solutiony[1. The solution of the homo-
geneous equation can be expressed in terms of hypergeo
ric series2F1 ~Ref. 14!. However, whenA2@W, the constant
C can be found from the condition that the solution~10!
must be regular atx50:

C5
e2 iap/2

23/2p
GS 21/22a

2 DGS 21/21a

2 D
3cosFp2 S 3

2
1a D G .

The solution~10! can then be written in terms of the mod
fied Bessel functionI a(z) and the generalized hypergeome
ric series1F2 ~Ref. 14!,

y~x!51F2S 1;
3/21a

2
,
3/22a

2
;
x2

4 D
2Auxu

2
GS 3/21a

2 DGS 3/22a

2 D I a~ uxu!,

which implies thaty(0)51. The solution~10! contains the
Lorentzian and exponential contours as limiting cases:

y5H e2uxu, A!1,

1

11~x/A!2
, A@1.

~11!

In weak fields,A2;W!1, the Bennett dip is described b
the exponential contour~9! with y(0)Þ1.

Figure 1 depicts examples of Bennett dips:~a! the solu-
tion ~10!, and ~b! the numerical solutions of four couple
diffusion equations for the elements of the density matrix
~2!. The range of possible velocities in~2! is infinite, so for
numerical calculations the limits of this interval were tak
at v564vT , and the values of the density matrix at the
limits were chosen according to the asymptotic behavior
the analytic Lorentzian. Figure 1 clearly shows the transit
from an exponential contour to a Lorentzian contour~from
curven50 to curven53). The curvesn51,2,3 in Fig. 1a
almost coincide with the curvesn51,2,3 in Fig. 1b; the dif-
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ference between Figs. 1a and 1b at the center of the Ben
dip in a weak field~curven50) can be explained by the fac
that only in the numerical calculations have we allowed
the finite natural widthWÞ0.

The type of solutiony(x) given by~10! depends only on
the parameterA5wF /wD , wherewD is the diffusion width
of the Bennett dip in the long-lived level (wD5w2D in case
1 andwD5w1D in case 2!. Thus, the halfwidthvL of the dip
over a fractionL (0,L,1) of the total height of the dip
(vL5wDxL , wherey(xL)5L) is a homogeneous function o
wD andwF of order unity. This means that ifwD andwF are
increasedp-fold (p.0), then so isvL. In the (wF

2 ,wD
2 )

plane, the various level curves ofvL with the same value o
L but different values ofvL , can be mapped into one anoth
via a scale transformation centered at (0,0). For instance
halfwidth at half maximum is

v1/25H wFF11S wD

2wF
D 2G , wD!wF ,

wD ln 2, wD@wF,

and can be approximated by the interpolation formula

v1/2.AwF1wD
2 /25wDAA211/2. ~12!

Note that the simplicity of~12! derives from the approxi-
mate equalityA2• ln 250.9803 . . ..1 ~if wF50, then~12!
yieldsv1/25wD /A2.wD ln 2). At A51/A2 the width of the
Bennett dip exceeds both the power width and the diffus
width by a factor of almost 1.5. Such a contour is depicted
Fig. 2.

Babin et al.5 used a Lorentzian function for an approx
mate solution. The amplitude and width were found by
variational method. The width of the approximating Loren
zian satisfies the quartic equation

v1/2
4 2~w21wF

21wD
2 /2!v1/2

2 22wwD
2 v1/223w2wD

2 /250,
~13!

wherew5wDW ~in Ref. 5 w was taken to bewH5G12/k,
which is justified if the field is not too strong!. Its solution
whenwD ,wF@w is given by~12!, i.e., the halfwidths at half
maximum of the solution of~13! and the approximating
Lorentzian in the variational method are essentially identic
The level curves for the solution of Eq.~13! in the (wF

2 ,wD
2 )

FIG. 2. The shape of the dipy(x) given by formula~10! at A5A1/2 ~curve
1!, the diffusion contour exp(2uxu) ~curve 2!, and the Lorentzian 1/(1
1(x/A)2) ~curve3!.
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plane are segments of straight lines, which become par
for wD ,wF@w, and can thus be mapped into one another
a scale transformation centered at the origin.

The values ofvn/4 , n51,2,3, in Fig. 3 are selected i
such a way that the curvesn51,2,3 coincide if the dip is a
pure Lorentzian. Thus, the distance between curves is
measure of the deviation of the shape from a Lorentzian.
deviation is greater at the center of the dip than in the win
~curven53 deviates from curven52 more than does curve
n51) and if the power broadening is smaller than the dif
sion broadening. When the power width is large,wF@wD ,
the curves merge, so that saturation effects mask diffus
broadening.

The modified Bessel functionKn(z) for half-integern
5n11/2, with n50,61,62, . . . , can beexpressed in terms
of elementary functions. However, the solution~10! of the
inhomogeneous equation reduces to elementary funct
only if a52n11/2, n50,1, . . . . Forinstance, ata51/2 the
contour is exponential~see~11!!, while ata55/2 the shape
of the dip is given by

y~x!5
622e2uxu~313uxu1x2!

x2
,

which differs from a Lorentzian of widthA13/2 ~see Eq.~13!
and Ref. 5! by 8%.

We now attempt to find the spectrum of a probe fie
The shape of the Bennett dip can be found by measuring
absorption spectrum for a probe wave that is in resona
with the same transition as the strong wave. To determine
spectrum of the probe wave, we must augment the system
equations~1!, so that it reflects the interaction with the prob
wave. In the linear approximation in the probe field intensi
the probe field induces the coherencer21 and population
corrections, which oscillate in time with frequenciesVm and
Vm2V, whereVm is the probe wave offset from resonanc
The corrections to the density matrix induced by the pro
field are proportional to the population difference when t
longitudinal velocity is in resonance with the probe field.
we assume that the rates of excitation of levels 1 and 2
the same, the population of the long-lived level will be mu
higher than that of the rapidly decaying. Due to field splitti
of levels, the resonant velocity is a nonlinear function

FIG. 3. Level curves forvn/4 , n51,2,3, corresponding tovn/45A4/n21 .
The dashed curve depicts the approximation~12! for the curven52.
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Vm . This leads to a situation in which the absorption~am-
plification! spectrum for the probe wave acquires dips who
shape does not follow that of a Bennett dip. The profile
distorted by the nonlinear dependence of the resonant ve
ity on Vm , that is, by power broadening.

4. SATURATION CURVE

First and foremost, we show that the power absorb
from the field can be expressed solely in terms of the are
the Bennett dip,*2`

` dx y(x). For case 2, substituting
2 Re(iG* r 21) from the first equation in~2!, we obtain

P~V!52\vE dv Re~ iG* r 21!

5\vG1E dvFw1D
2 d2r 1

dv2
2r 11r 1

~0!1
A21

G1
~r 22r 2

~0!!G .

~14!

Expressingr 1 and r 2 in terms ofy, r 1
(0) , andr 2

(0) , we have

P~V!5\vG1 E dv~r 1
~0!2r 2

~0!!

3F y2
d2y

dx2
1

A21

G1
J~12y!G .

Since the width of the Bennett dip is much less thanvT , we
can taker 1

(0)2r 2
(0) outside the integral sign and evaluate it

v5V/k. Noting that J(12y)5(y2d2y/dx2)
3(12A21/G2)21, we obtain

P~V!5
\vG1w1D~N12N2!

ApvT~12A21/G2!

3expF2S V

kvT
D 2G E

2`

`

dx y~x!, ~15!

where Nj5*dv r j
(0) is the initial concentration of ions in

level j . Similarly, for case 1 we have

P~V!5
\vG2w2D~N12N2!

ApvT

expF2S V

kvT
D 2G E

2`

`

dx y~x!.

~16!

Thus, studying the intensity dependence of the power
sorbed from the field reduces to studying the behavior of
integral*2`

` dx y(x), wherey is the solution of Eq.~5!.
This fact has a simple qualitative explanation. In t

steady-state situation, the area of the Bennett dip in levej ,
i.e., *dv(r j2r j

(0)), is the ratio of the concentration of ion
that absorb~or emit! one field photon per unit time to th
population relaxation rate for the given levelG j . The power
absorbed from the field can be expressed in terms of the
of the Bennett dip if the rate of particle ejection from th
level due to collisions is independent of the translational
locity of the particles~e.g., collisions have no effect on th
number of particles in the level!.

Consider the Fourier transform of Eq.~5!:
e
s
c-

d
of

t

b-
e

ea

-

S W21
A2

11t2D Y5
d2Y

dt2
12pA2d~ t !, ~17!

where

Y~ t !5~11t2!E
2`

`

dx eitxy~x!.

The entire dependence of the absorbed powerP(V) on the
wave’s intensity is contained in the amplitude of the zero
order harmonicY(0)5*2`

` dx y(x).
WhenW@A, we can neglect the termA2/(11t2) on the

left-hand side of Eq. ~17!, with the result that
Y(t)5pA2 exp(2Wutu)/W. When W@1 or A@1, the func-
tion Y(t) has a width (W21A2)21/2!1. We then can assum
that t is small, t!1, and

Y~ t !5
pA2

AW21A2
exp~2AW21A2utu!.

In a different limiting case,W!min$A,1%, we solve Eq.
~17! in two rangest, namely t@1 and t!A/W. When A
@W, these ranges overlap, and when 1!t!A/W, both
asymptotes are applicable, which makes it possible to ma
them, with the result that we obtain an approximation
Y(t) that is equally suitable for all values oft.

For t@1 we can neglect the 1 in the denominator
1t2, with the result that Eq.~17! reduces to Bessel’s differ
ential equation. This yields

Y~ t !5C3AtKa~Wt!, ~18!

whereC3 is a constant determined by matching~18! to the
solutionY(t) for small t.

When t!A/W, we can neglectW2 on the left-hand side
of Eq. ~17!, whereupon~17! reduces to the hypergeometr
equation.

Y~ t !5C16~ i 1t !2F1S 1

2
1a,

1

2
2a;2;

i 1t

2i D
1C26~ i 2t !2F1S 1

2
1a,

1

2
2a;2;

i 2t

2i D ; ~19!

for t.0 the constantsC1 andC2 carry a plus sign, while for
t,0 they carry a minus sign. Here2F1(a,b;c;z) is the hy-
pergeometric series~see Ref. 14!.

What remains to be done is to find the constantsC16 ,
C26 , and C3. Constraints on the behavior ofY(t) near
t50 impose two constraints on the values of the consta
another emerges when we match the asymptotic solut
~18! and ~19!, and finally, the fact thaty(x) is real leads to
two more.

Integrating~17! locally neart50, we find that

lim
t→10

Y~ t !5 lim
t→20

Y~ t !,

lim
t→20

dY~ t !

dt
2 lim

t→10

dY~ t !

dt
52pA2, ~20!

C111C215C121C22 ,
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C122C222C111C215
2pA2

2F12A2
2F1

1/4
,

where

2F152F1S 1

2
1a,

1

2
2a;2;

1

2D ,

2F1
152F1S 3

2
1a,

3

2
2a;3;

1

2D .

Since y(x) is real, Y(2t)5Y* (t), so thatCm252Cm1* ,
with m51,2.

When 1!t!A/W, the solutions~18! and ~19! must co-
incide. Here the argument of the hypergeometric series
~19! is large,t@1, and in~18! the argument of the modified
Bessel function can be chosen to be small,Wt!1. Expand-
ing ~18! as a power series int at t50 ~see Ref. 13! and~19!
as a power series int21 at t5` ~see Ref. 14!,

Y~ t !5
pC3At

2 sin pa F ~Wt/2!2a

G~12a!
2

~Wt/2!a

G~11a!G1•••,
~21!

Y~ t !5expF2
ip

2 S a1
1

2D G~C112 ieipaC21!

3
G~22a!

G~1/22a!G~3/22a! S t

2D 1/22a

1expF ip

2 S a2
1

2D G~C112 ie2 ipaC21!

3
G~2a!

G~1/21a!G~3/21a! S t

2D 1/21a

1•••,

and equating the coefficients oft1/26a, we obtain

C112 ie2 ipaC21

C112 ieipaC21

5«e2 ipa,

~22!

«52W2a
G~22a!G~12a!G~1/21a!G~3/21a!

G~2a!G~11a!G~1/22a!G~3/22a!
.

RepresentingC11 in the formC115mC21 , we obtain

m5 ie2 ipa
12«eipa

12«e2 ipa
, umu51,

Y~0!5 iC212F152
pA2

2F1

2~2F12A2
2F1

1/4!

u11mu2

Im m

5
pA2

2F1

2F12A2
2F1

1/4
cotS p

2 S a2
1

2D
1arctan

« sin pa

12« cospa D . ~23!

Thus, when the power width exceeds the radiative wi
(A@W), the power absorbed from the field per unit volum
is given by ~16! for case 1 and by~15! for case 2, with
*2`

` dx y(x)5Y(0) given by~23!. The power width is com-
parable to the diffusion width,A;1. The expression~23! is
cumbersome, so we start with several limiting cases, a
which we suggest a simple but accurate approximation.
in

h

er

4.1. Limiting cases

Suppose that the field is weak (A!1). Then a.1/2
1A2, «.W2a, and the argument of cotz in ~23! is small,
with the result that

Y~0!.
pA2

W2a1pA2/2
. ~24!

A similar result, Y(0)5pA2/(W1pA2/2), which differs
from ~24! only in the exponent ofW in the denominator, can
be obtained by replacingA2/(W21x2) in ~5! with
pA2d(x)/W ~Ref. 7!. The extent to which the approximatio
based on this substitution differs from~24! can be estimated
by the difference 12W2A2

, which for W!A!1 can be of
order unity. The expression~24! describes so-calledhomo-
geneous saturation, where the diffusion shape of the Benne
dip does not change~it remains exponential!, while the depth
of the dip,y(0), reaches its maximum value, equal to unit
as the field strength increases.

Now consider strong fields (A;1). We can then neglec
the correction to the argument of cotz in ~23!, which is re-
lated to the fact that« is nonvanishing~see Appendix!. Set-
ting «50 in ~23!, we can write the asymptotic formulas fo
Y(0) for strong and weak diffusion broadening as compa
to power broadening~see~11!!:

Y~0!5H 2, A!1,

pA~111/4 A2!, A@1.J ~25!

4.2. Interpolation formulas

For strong fields (A;1), Y(0) obeys the interpolation
formula

Y~0!.pA~2/p!21A2, ~26!

which, as numerical calculations show, is valid in the reg
whereW!min$A2,1% with an accuracy no worse than 2%.

Combining ~26! and ~24!, we arrive at an interpolation
formula with an applicability range broader than~26!:

Y~0!.
pA2A~2/p!21A2

~2/p!W2a1A2
. ~27!

This expression is valid in the regionW!1 and, in particu-
lar, in the case of a weak field,A2;W.

Finally, altering~27! somewhat, we obtain at the inte
polation formula

Y~0!.
pA2A~2/p!21W21A2

~2/p!W2a/~112W2a!1W21A2
, ~28!

which is valid for allA, W.0 with an accuracy of about 3%
Examples of saturation curves~which reflect the dependenc
of the power absorbed from the field on the field intensi!
calculated with~28! are depicted in Fig. 4. We see that th
smaller the natural widthW, the sooner homogeneous sat
ration sets in~the transition from curve1 to curves2 and3 in
Fig. 4b!. However, a further increase inA2 ~Fig. 4a! leads to
a square-root increase in the absorbed power. This increa
almost unnoticeable on the scale of Fig. 4b.



895JETP 86 (5), May 1998 D. A. Shapiro and M. G. Stepanov
FIG. 4. The absorbed powerY(0) as a function of
the field intensityA2. Curven corresponds to the
valueW5102n ~curve` corresponds toW50).
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Reverting to the original variables of the problem, w
obtain

P~V!5
2Ap\vG12uGu2~N12N2!

kvT
expF2S V

kvT
D 2G

3
AG12

2 1F 21~2/p!2D

G12
2 1F 21~2/p!Dp/~112p!

,

F 252G12uGu2S 1

G1
1

1

G2
2

A21

G1G2
D , D5

nk2vT
2

2G,
,

p5S G12
2 12G12uGu2/G.

D
D AF 2/D11/4

,

whereG, (G.) is the lesser~greater! of the two quantities
G1 andG2. In case 1 we haveG,5G2 andG.5G1, while in
case 2 we haveG,5G1 andG.5G2.

5. DISCUSSION

Two results have been obtained in the previous sectio
1. We derived an expression for the shape of the Ben

dip in a two-level system with a rapidly decaying level, f
an arbitrary ratio of the power and diffusion widths of th
dip. The expression is valid if the natural width of the dip
small compared to the total width and the width of the Ma
wellian distribution exceeds that of the dip. We show that
square of the total dip width at half maximum is the sum
squares of the power and diffusion widths.

2. Under the above conditions, we derived a formula t
reflects the dependence of the absorbed power on the in
sity of the incident wave. The formula describes the we
known limiting cases of low and high intensity and th
smooth transition from homogeneous saturation to inhom
geneous saturation in a new intermediate region. An inter
lation formula has been suggested for this dependence.
formula is valid even if the homogeneous width is not sm

5.1. Shape of dip

Equation~5! contains three widths: the diffusion widt
~equal to unity!, the power widthA, and the homogeneou
width W. The solutions for the shape of the Bennett dip
the collisionless case~both A andW are large compared to
unity! and in the case of a weak field (A is small compared
to W and unity! were obtained earlier. The only case th
remained unexplored was when one of the three width
s.
tt

-
e
f

t
n-

-

-
o-
he
l.

t
is

small and the other two are comparable~W small!. Here we
add power broadening to diffusion broadening. The de
y(0) of the Bennett dip forA2@W reaches its maximum
y(0)51, while the shape of the dip forA!1 is determined
by diffusion and is described by an exponential contour.
the field intensityA2 increases, the dip flattens out. The ge
eral case, in which all three widths are comparable,
hardly be solved in terms of hypergeometric function
which usually contain only two widths. For instance,Jn(z)
contains two scales: unity~the period of oscillations at large
values ofz), andn ~the distance fromz50 to the origin of
oscillations!. However, even if we were able to write th
solution in some form, it would still be simpler to find it b
direct numerical methods in each specific case. Furtherm
when W is of order unity the shape of the dip is close
Lorentzian, so that the variational approximation describ
in Ref. 5 yields satisfactory results.

5.2. Saturation curve

The expression for the absorbed power obtained in R
7 and formula~9! of the present paper can be applied in tw
regions:A2!1/u ln Wu, W!1, andW!A2!1. This provides
a correct description of homogeneous saturation forW!1.
The condition that they can be used to describe homo
neous saturation is the smallness of the parameterWu ln Wu,
which tends to zero asW→0. Formula~9! cannot be applied
in the case of strong fields (A;1), when the power width of
the Bennett dip is of the order of the diffusion width. On
property of ~9! is that for large values ofA, the integral
*dx y(x) reaches its maximum value, equal to 2. It w
unclear how the absorbed power behaves atA;1, since it is
known that*dxy(x)5pA for A@1, i.e., the absorbed powe
grows with the wave intensity. The expression~23! or the
interpolation formulas~27! and ~28! describe precisely the
case whereA;1. They can also be applied for weak field
(A!1). These expressions cannot be applied when the w
of one of the levels is small compared to that of the other
when the width of the Bennett dip is small compared to
width vT of the Maxwellian distribution. If the diffusion
width of the Bennett dip is less thanvT , saturation associ-
ated with the fact that the power width becomes equal tovT

~and hence the square-root increase in the absorbed po
*dx y(x)5pAA2 , with the field intensityA2 becoming lim-
ited to the extent that the absorbed power finally become
constant! can be described without taking diffusion into a
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count (A@1). This limiting case has been thoroughly di
cussed in the literature~see Ref. 15!. When saturation is
homogeneous, the increase in the absorbed power with
field intensity slows down as the depthy(0) of the dip ap-
proaches unity. However, in strong fields the dip flattens o
and because of this, the increase in the absorbed power
not stop. The transition from the homogeneous satura
region to the dip-flattening regime occurs
A;W1/4, when the increase in the absorbed power due
homogeneous saturation slows down so much that it
comes comparable to the increase due to dip flattening.
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APPENDIX

The correction to the argument of cotz in ~23! related to
the finite value of« can become important in three cases

1. « is large (a is close to 1,2, . . . ,n, . . . ).
2. The value of cotz is large (a is close to 5/2,9/2,. . . ,

2n11/2, . . . ).
3. The value of cotz is small (a is close to 3/2,7/2,. . . ,

2n21/2, . . . ).
Let a5n1d, with d!1. Then«.(21)n11CnW2a/d2,

with Cn positive ~e.g., C153/64), sinpa.(21)nd, and
cospa.(21)n. The argument of arctanz in ~23! can be writ-
ten as

« sin pa

12« cospa
.2

pdCnW2a

CnW2a1d2
.

It is at its maximum atd;Wa; the maximum value of the
argument is of orderWa!1.

Let a52n11/21d, with d!1. Then«.CnW2ad ~e.g.,
C152/675), sinpa.1, and cospa.0. The value of cotz in
~23! is given by the approximate expression
he

t,
oes
n

to
e-

l
e

cot z.
1

~p/21CnW2a!d
,

i.e., the correction related to«Þ0 is small (W!1). Note that
if we put n50 ~a weak field!, then «.W2a, i.e., « is not
small in terms ofd.

Finally, let a52n21/21d, with d!1. Then
«.2CnW2ad ~e.g.,C152/9), sinpa.21, and cospa.0.
The value of cotz in ~23! is given by the approximate ex
pression

cot z.2~p/2 1CnW2a!d,

i.e., the correction related to«Þ0 is small (W!1).
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