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Narrowing of the Bennett Hole In Collisional Plasma

E. V. Podivilov, D. A. Shapiro, and M. G. Stepanov
Institute of Automation and Electrometry, Novosibirsk, 630090, Russia

(Received 26 July 1994)

The profile of a Bennett hole, induced by a laser field, in the ionic distribution of a collisional
plasma is calculated. The influence of Chandrasekhar’s dependence of the coefficients of velocity
space transport on the profile is included in the calculation for the first time. It is found that the hole
narrows down as the field-detuning frequency increases. The physical cause for this effect is the falling
dependence of the Coulomb collision frequency on the ionic velocity. Estimations show that the effect
is quite observable under conditions of a high-current gas-discharge plasma.

PACS numbers: 52.20.Hv, 42.62.Fi, 52.80.– s
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The nonlinear spectroscopic technique as a plasma
agnostic tool is a subject of considerable recent intere
because of its novelty and potential in basic and appli
plasma physics. Of particular interest are the spectr
scopic effects of Coulomb scattering [1], since it differ
radically in appearance from binary collisions in gase
[2,3]. In linear absorption spectra the Doppler widt
usually exceeds collisional broadening, so it masks t
effects of the scattering. However, the velocity distribu
tion of particles interacting with a monochromatic field
near the resonance is changed significantly by the sc
tering. If the frequencyv of the field is near resonant
with Bohr’s frequencyvmn ­ sEm 2 Endyh̄ between the
levelsm andn of atoms with velocityy that satisfies the
condition ky ­ v 2 vmn ; V, then the induced transi-
tions m $ n occur (k denotes the wave vector). As a
result, a narrow peak or dip (Bennett hole [4]) arises
the velocity distribution of level populations. The steady
state profiles of holes are controlled by both the hom
geneous width of the transitionm -n and the scattering
processes with a change in velocity. By measuring t
width, shift, and asymmetry of nonequilibrium struc
tures in the distribution with the help of the probe
field technique one can extract information about th
scattering.

Previous calculations of Coulomb broadening [1,5
were based on the assumption of constancy of the diff
sion coefficient in the velocity space. This assumption
applicable when the detuning frequencyV is less than the
Doppler width kyT , whereyT ­

p
2Tiym is the thermal

velocity of ions andm is the ion mass. The constant dif-
fusion model was enough to interpret Lamb dip measur
ment, in an argon laser plasma or one with near-resona
pumping. In contrast, farther away from the resonanc
at V . kyT , one must use Chandrasekhar’s velocity d
pendence of the diffusion tensor, which complicates th
evaluation. One way around this problem was shown
the linear theory of Dicke narrowing in the ionic spec
trum, which was developed for low intensity of the inci
dent wave [6].
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In the present Letter we study a first-order nonlinea
problem, the influence of collisions in a plasma on th
profile of the Bennett hole. The calculation presente
below for nonlinear structure in the velocity distribution
is performed on the basis of density matrix formalism
[3,7]. First, we derive the formula for the distribution,
then analyze it under some simple but realistic condition
and at the end estimate whether the effect obtained
observable in experiment. In particular, we show tha
the width of the hole decreases with the detuning of th
electromagnetic field from the resonance. By observin
the effect, one could directly measure the diffusion tenso
It would be helpful to confirm our understanding and offe
a scope for new diagnostic methods.

The diffusion coefficient as a function of the velocity
was measured for aQ-machine plasma at low density
by Bowles, McWilliams, and Rynn [8]. The effect of
the transient spread of a Bennett hole in the distributio
of a tagged ion population in a metastable state wa
exploited. However, that effect cannot be used for dens
plasmas, because the diffusion time becomes smaller a
the measurement requires a faster registration techniq
In this paper we shall examine the stationary hole shap
Analysis of its width is useful for diagnostics at high as
well as low density.

To develop the theory of nonequilibrium structures in
the velocity distribution, let us describe the two-leve
subsystem of a probe ion in an ideal nondegenera
plasma by the spectroscopic density matrixrijsr, y, td.
This matrix over internal statesi, j is at the same time
the Wigner function of positionr and velocity y. It
has been shown [5,6] that elements of the matrix satis
the quantum kinetic equation with the classical Landa
collision term. This equation makes it possible to analyz
resonant transitions between levels in the field of th
traveling waveE ­ E0 exps2ivt 1 ikrd 1 c.c.

Denoting the relaxation constants of level popula
tions as Gj and that of the coherence asG, we write
steady-state equations for off-diagonalrmnsr, y, td ­
rsyd exps2iVt 1 ikrd and diagonalrjj ; rj elements
© 1995 The American Physical Society 3979
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be

be
in
of the density matrix as

sG 2 iV 1 ikydr 2 nV̂r ­ iGDN ,

Gjrj 2 nV̂rj 2 ljsyd ­ 72 ResiGprd ,
(1)

where the upper (lower) sign corresponds to the u
per (lower) level. HereDN ; rm 2 rn, G ­ E0dmny2h̄,
dmn is the matrix element of the dipole moment,

n ­
16

p
pLNisZae2d2

3m2y
3
T

(2)

is the Coulomb collision frequency,Zae is the charge of a
probe ion, andL is the Coulomb logarithm. We assume
that there are only singly charged ions in the plasm
Ni is their concentration. The excitation of ionic level
j ­ m, n usually occurs from the ground or metastabl
state, so we are justified in assuming the shape of t
excitation functionljsyd to be Maxwellian

ljsyd ­ QjWsyd, Wsyd ­
1

y
3
T p3y2

exp

√
2

y2

y
2
T

!
,

(3)
whereQj is the excitation rate of levelj.

For a plasma in a state close to thermodynamic equili
rium with ionic temperatureTi, the distribution of buffer
particles has a Maxwellian shape. Then it is possible
write an explicit expression for the collision operatorV̂
3980
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involving the dynamic friction and the diffusion in veloc-
ity space,

V̂ ­
1
2

≠

≠ja

Fab

√
≠

≠jb

1 2jb

!
, (4)

whereja ­ yayyT is thea component of the dimension-
less velocity and the differential operator≠y≠ja acts on
the right. The functionsFlsjd andFtr sjd, occurring in
the expression for the diffusion tensor

Fab ­ Flsjd
jajb

j2
1 Ftr sjd

√
dab 2

jajb

j2

!
, (5)

can be written as single integrals

Flsjd ­ 3
Z 1

0
l2e2l2j2

dl,

Ftrsjd ­
3
2

Z 1

0
s1 2 l2de2l2j2

dl .

(6)

The velocity distribution of populationsrj of both
levels j ­ m, n needs to be found. To simplify the
analysis, we assume the electromagnetic field to
weak jGj2 ø GGj and will neglect the effects of strong
saturation. The right sides of Eqs. (1) can therefore
regarded as a perturbation. The formal solution of (1)
terms of operator exponents is
lculate
ation
r
s0d
j ­

Qj

Gj
Wsyd, rs0d ­ 0; DNsyd ­ r0

msyd 2 rs0d
n syd ­ NmnWsyd;

rs1dsyd ­ 2iG
Z `

0
dt exps2Ât 1 nV̂ tdDNsyd, Â ­ G 2 iV 1 iky , (7)

r
s1d
j syd ­ 7

Z `

0
dt exps2Gjt 1 nV̂ td2 RefiGprs1dsydg . (8)

It remains to write out the explicit solution and analyze its limiting cases. For this purpose we must ca
the commutators of operatorŝA andV̂ and get, in the general case, the infinite series. Fortunately, the rel
fffV̂ , Âg, Âg, Âg ­ 0 allows us to break the series within the first order inn:

r
s1d
j syd ­ 72jGj2DNsyd Re

Z `

0
dt

Z `

0
dt expf2Gjt 2 sG 2 iV 1 ikyzdtg

3 exp
∑

n

2
f2Fzzsj dk2y2

T st2t 1 t3y3d 1 2ikyzFlsjd s2tt 1 t2dg 1 Osn2d
∏

, (9)
r

n
ut
where the axisz is chosen along the wave vectork. The
function

Fzzsj d ­ fFlsjd 2 Ftr sjdg sj2
z yj2d 1 Ftr sjd (10)

is thezz component of the diffusion tensor. This function
depends on two variablesj ; jj j andjz. The integrand
in (9), obtained by the expansion, is inappropriate at lon
timest, t. Consequently, for application of this expansio
it is necessary to have the main contribution to integr
(9) in the domain where the quadratic terms inn remain
small. Since

Ä
≠Faby≠jg

Ä
,

Ä
Fab

Ä
, estimation of those

terms gives the following applicability conditions of the
expansion (9):
g
n
al

a ­
n

Gj
ø 1, b ­

G

kyT
ø 1 . (11)

The latter inequality means the Doppler limit; the forme
coincides with the condition of smallness of the diffusion
broadening compared to the Doppler width. The collisio
frequency in a high-current gas-discharge plasma is abo
n , 105 –107 s21 (see [1]). It is by a few orders of
magnitude less than the Doppler widthkyT , 1010 s21

and, as a rule, less than the relaxation ratesG , 108 –
109 s21 andGj , 106 2 109 s21. That is why we may
use of small parametersa, b and it is enough to keep
only terms linear inn.
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Taking an integral overt we obtain the correction to the distribution function as a single integral overt,

r
s1d
j syd ­ 72jGj2DNsyd Re

Z `

0

expf2Ât 2 Fzzsj dnk2y
2
T t3y6 1 inkyzFlsjdt2g

Gj 1 Fzzsj dnk2y
2
T t2y2 2 2inkyzFlsjdt

dt . (12)
le,
fy

e

The integrand in (12) regarded as a function oft at V ­
kyz is maximal at t ­ 0 and decreases witht. The
shape of the distribution depends on a few paramete
Considering conditions (11) and the inequalityGj # G,
we can distinguish two limiting cases of parameters,

nk2y2
T ø G2Gj sa ø b2d , (13)

G2Gj ø nk2y2
T sa ¿ b2d . (14)

For the domain (13) integral (12) is accumulated att #

T1 ­ 1yG. The diffusion and friction cause the Bennet
hole to change its width and position somewhat. F
rs.

t
or

the limit (14) integral (12) is gathered att # T2 ­
say2d21y2ykyT . Diffusion and friction effects control the
width and shift of the hole. The width is defined by
the maximum among the homogeneous widthDyH ­
Gyk and diffusion widthDyD ­ yT snyGjd1y2. Thus the
scattering has stronger impact on the shape of the ho
while the relaxation constants of selected levels satis
inequality (14).

Let us find the width as a function of detuning in
this limit esj d ­ 2b2yaFzzsj d ø 1. It is convenient to
write the expression for the nonlinear correction to th
Maxwellian distribution as a convolution of two functions
r
s1d
j syd ­ Wsyd

Z `

2`
fsx 2 x0dgjsx0d dx0, x ­ kyz 2 V , (15)

where

gjsxd ­ 7
pjGj2Nmn

GGj

e
p

m
exp

√
2

jxj
p

m 1 xs

G

!
, (16)

ssj d ­
2GjzFlsjd
kyT Fzzsj d

, msj d ­ esj d 1 s2 . esj d ,

fsxd ­ Re
Z `

0

dt
p

expf2sG 1 ixdt 2 Fzzsj dnk2y2
T t3y6 1 inkyzFlsjdt2g . (17)
h
t

e

In the limit e ø 1 the width of the functionfsxd is
much less than that ofgjsxd. Accordingly, the central
part of the distribution is given by expression (16)
r

s1d
j . gjsxd at jxj , Gy

p
e. Meanwhile the function

gjsxd decreases exponentially withjxj, so the asymptotic
of the distributionr

s1d
j syzd at jxj ¿ Gy

p
e is given by

a narrow but slowly decreasing functionfsxd and has a
Lorentzian shape.

The most interesting feature of the distribution obtaine
is the narrowing of its central part as the detuningV

increases, due to the falling velocity dependence of t
collision frequency. One can estimate the half-width b
substituting the extreme value of the longitudinal velocit
,

d

he
y
y

yz ­ Vyk into all components of the diffusion tensor,

Dx .
G

p
m

. kyT

s
nFzzsj, VykyT d

Gj
.

This quantity is proportional to the square root of the
zz component of the diffusion tensor. It decreases wit
detuningV. The effect is absent in the model of constan
collision frequency [9,10].

To describe this effect quantitatively we calculate th
V dependence ofx2 averaged over the distribution (15).
Keeping only the terms linear in parametersa andb we
obtain
an

g con-
FjsVd ­
Z

d3yx2r
s1d
j syd . 7

2jGj2Nmn

Gj

(
G 1

nk2y
2
T

Gj
Re

Z `

0
dt Fzzstd expf2sG 2 iVdtg ,

)
(18)

Fzzstd ­
Z

d3yW sydFzzsj d exps2ijztd ­
Z 1y

p
2

0
6y2dy exp

"
2s1 2 y2d

µ
tkyT

2

∂2
#

.

The first term on the right-hand side of (18) is independent ofV and corresponds to the contribution of the Lorentzi
wings of the distribution. The second term describes the collisional broadening and decreases withjVj.

Under the approximations the line shape is Voigt’s contour. The dependence of the varianceD ­ kfx 2 kxlg2l on
detuningV consists of two terms: the contribution of the wings, which increases with detuning, and the decreasin
3981
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f

.

tribution of the diffusion broadening. At small detuning
jVj ø kyT we have the explicit expression

D .
GkyT
p

p

"
1 1

µ
V

kyT

∂2
#

1
nskyT d2

2Gj

243p

2
2 3 2

√
V

kyT

!2 µ
15 2

9p

2

∂35 .

Summarizing the results, we conclude that the Benn
hole narrows as detuning increases. The physical rea
for the effect is that the width of the hole is no
affected by the homogeneous widthDyH , but depends on
the change in velocity due to diffusionDyD ­ yT

p
ntj,

while DyD ¿ DyH . The excited state lifetimetj ­ G
21
j

determines the stationary width of the hole. While th
detuning V of the field remains inside the Doppler
contour, the field interacts only with a group of slow ion
jyz j ø yT . When we turn the field off the resonance
the light interacts with faster excited ions. The collisio
frequency of those ions with ions in the ground staten is
smaller, therefore the width decreases. It would be mo
appropriate to call this effect a decrease of the broaden
instead of a narrowing.

To observe the narrowing experimentally, probe-fie
spectroscopy can be used. One should measure the n
resonant absorption or gain of a weak probe wave as
function of its detuning on the same or an adjacent tra
sition. Another possibility is recording the spectrum o
spontaneous emission in the presence of a strong reson
continuous field. Let us estimate two alternative effec
independent of the detuning, namely, the Stark broaden
and the change velocity due to the interaction with ele
trons. The Stark effect is quadratic in the ArII spectrum.
Its value (Ref. [1], p. 139) is about 100 MHz, which is
small compared with both the homogeneous widthG and
the diffusion widthkyT

q
nyGj . The velocity change ow-

ing to scattering on electrons is as small as the ratio
the ion and electron thermal velocitiesyTiyTe , 1022 ([1],
p. 155). The ion-ion collision frequency decreases by n
more than a factor of 2–3 at the detuning aboutkyT ; there-
fore neither alternative broadening mechanism can co
pensate the effect in question. The measured diffusi
broadening in a low-temperature argon plasma at zero d
tuning is by a factor of 3–4 (see Ref. [1], p. 199). At th
detuningV , kyT the narrowing factor expected is more
than 10%, so this effect seems observable (see Fig. 1).
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FIG. 1. (a) Distributionr
s1d
j syzd of j-level population in ion

velocity yz within the first order of perturbation theory in the
field intensity. Different curves correspond to distinct values o
detuningV (from left to right V ­ 0, 0.5, 1, 1.5, 2, 2.5). Param-
eters are assumed to beG ­ 1022kyT , Gj ­ 1023kyT , andn ­
1025kyT . (b) Half width at half maximum of contourrs1d

j syzd
as a function of detuningV normalized to unit magnitude.
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